CHAIN ENUMERATION OF fc-DIVISIBLE NONCROSSING 
PARTITIONS OF CLASSICAL TYPES 



JANG SOO KIM 

Abstract. We give combinatorial proofs of the formulas for the number of 
multichains in the fe-divisible noncrossing partitions of classical types with 
certain conditions on the rank and the block size due to Krattenthaler and 
Miiller. We also prove Armstrong's conjecture on the zeta polynomial of the 
poset of fc-divisible noncrossing partitions of type A invariant under the 180° 
rotation in the cyclic representation. 



1. Introduction 

For a finite set X , a partition of X is a collection of mutually disjoint nonempty 
subsets, called blocks, of X whose union is X. Let n(n) denote the poset of par- 
titions of [n] = {1, 2, . . . , n} ordered by refinement, i.e. tt < cr if each block of a 
is a union of blocks of tt. There is a natural way to identify tt G n(n) with an 
intersection of reflecting hyperplanes of the Coxeter group An-i- For this reason, 
we will call tt G Il{n) a partition of type An-i- With this observation Reiner 
defined partitions of type B„ and type Z?„ as follows. A partition of type Bn is 
a partition tt of [±ri] = {1,2, ... ,n, —1, —2, . . . , ~n} such that if S is a block of 
TT then —B — {—x : x G B} is also a block of tt, and there is at most one block, 
called zero block, which satisfies B = —B. A partition of type Dn is a partition of 
type Bn such that its zero block, if exists, has more than two elements. Let Ylsin) 
(resp. n£i(n)) denote the poset of type i?„ (resp. type D„) partitions ordered by 
refinement. 

A noncrossing partition of type An-i, or simply a noncrossing partition, is a 
partition tt G n(n) with the following property: if integers a, b, c and d with a < 
b < c < d satisfy a,c E B and b,d E B' for some blocks B and B' of tt, then B = B' . 

Let fc be a positive integer. A noncrossing partition is called k-divisible if the 
size of each block is divisible by k. Let NC(n) (resp. NC^'°-'(n)) denote the subposet 
of n(n) (resp. n(fcn)) consisting of the noncrossing partitions (resp. fc-divisible 
noncrossing partitions). 

Bessis t4j, Brady and Watt [5] defined the generalized noncrossing partition 
poset NC(IV) for each finite Coxeter group W, which satisfies NC(^„_i) = NC(n). 
Armstrong [T] defined the poset NC^'^^(Vl^) of generalized fc-divisible noncrossing 
partitions for each finite Coxeter group W , which reduces to NC(W^) for fc = 1 and 
satisfies NC('')(A„_i) = ^&^\n). 
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For each classical Coxeter group W, we have a combinatorial realization of 
N&'''>{W). In other words, similar to NC(n) and NC'^''^(n), there are combi- 
natorial posets NCs(?^) C IlB{n), NC^'^(n) C nB(fcn), NCoin) C Uoin) and 
NC^^(n) C Uoikn), which are isomorphic to NC(S„), NC'''>(B„), l^C{Dn) and 
NC^'^^Dn) respectively. Reiner llj defined the poset NCsin) of noncrossing par- 
titions of type Bn, which turned out to be isomorphic to NC{B„). This poset is 
naturally generalized to the poset NC^'' (n) of fc-divisible noncrossing partitions 

of type Bn- Armstrong [I] showed that NC^-'(n) ^ NC'^''^(B„). Athansiadis and 
Reiner [3] defined the poset NC£)(n) of noncrossing partitions of type _D„ and 

showed that NCoin) = NC{Dn). Krattenthaler [S] defined the poset NC^^(n) of 
the /c-divisible noncrossing partitions of type £)„ using annulus and showed that 
NC^^(n) ^ NC^'^) (£>„); see also [Sj. 

In this paper we are mainly interested in the number of multichains in NC^'^-' (n), 
NC^^^(n) and NC^^(n) with some conditions on the rank and the block size. 

Definition 1. For a multichain tti < tt2 < ■ ■ ■ < in a, graded poset P with 
the maximum element 1, the rank jump vector of this multichain is the vector 
(si,S2, . . . ,S£+i), where si = rank(7ri), s^+i = rank(l)— rank(7r£) andsi = rank(7ri) — 
rank(7ri_i) for 2 < i < i. 

We note that all the posets considered in this paper are graded with the max- 
imum element, however, they do not necessarily have the minimum element. We 
also note that the results in this introduction have certain 'obvious' conditions on 
the rank jump vector or the block size, which we will omit for simplicity. 

Edelman 6, Theorem 4.2] showed that the number of multichains in NG^''\n) 
with rank jump vector (si, S2, . . . , se+i) is equal to 

^ / n\ / kn\ ( kn 



n \Si/ \S2 J \S£+1 

Modifying Edelman's idea of the proof of ([T|), Reiner found an analogous formula 
for the number of multichains in NCB(n) with given rank jump vector. Later, 
Armstrong generalized Reiner's idea to find the following formula 1, Theorem 4.5.7] 
for the number of multichains in NC^^ (n) with rank jump vector (si, S2, . . . , S£+i): 

f n\ f kn\ ( kn 

(2) 



si/ \ S2 / \se+i 

Athansiadis and Reiner [21 Theorem 1.2] proved that the number of multichains in 
NC£)(n) with rank jump vector (si, S2, . . . , S£+i) is equal to 

<3. K\r)(\;0^^-(;:>S("r)--<:;::)--<;:: 

To prove ([3]), they [31 Lemma 4.4] showed the following using incidence algebras and 
the Lagrange inversion formula: the number of multichains tti < 712 < • ■ ■ < tt^ in 
NCsin) with rank jump vector (si, S2, . . . , se+i) such that i is the smallest integer 
for which tt^ has a zero block is equal to 

(4) 

n \sij \s2j \se+i 
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Since ([4]) is quite simple and elegant, it deserves a combinatorial proof. In this 
paper we prove a generalization of (jj]) combinatorially; see Lemma 1151 

The number of noncrossing partitions with given block sizes has been studied 
as well. In the literature, for instance [BUI [3], type(7r) for tt G Il{n) is defined to 
be the integer partition A (Ai, A2, . . . , A^) where the number of parts of size i 
is equal to the number of blocks of size i of tt. However, to state the results in a 
uniform way, we will use the following different definition of type(7r). 

Definition 2. The type of a partition tt e n(rt), denoted by type(7r), is the sequence 
(6; 5i, 62, ... , bn) where hi is the number of blocks of tt of size i and b = bi+b2 + - ■ • + 
bn- The type of tt S IlB{n) (or tt S n£i(n)), denoted by type(7r), is the sequence 
(6; 61, 62, . . . , 6n) where bi is the number of unordered pairs {B,—B) of nonzero 
blocks of TT of size i and 6 = 61 + &2 + • • ■ + bn- For a partition tt in either n(fcn), 
IlB{kn) or n£)(fcn), if the size of each block of tt is divisible by fc, then we define the 
k-type type('')(7r) of tt to be (6; bk,b2k, ■ ■ • , bkn) where type(7r) = (6; 61, 62, ■ • • , bkn)- 

Kreweras [lOl Theorem 4] proved that the number of tt G NC(n) with type(7r) = 
(6; 5i, 62, ... , bn) is equal to 

n\ 1 / b \ f n 



6i!&2! •■•&„!(" -6+1)! b\biM,---.bnJ\b-l, 

Athanasiadis [H Theorem 2.3] proved that the number of tt G NC b (n) with type(7r) 
(6; 61, 62, ... , bn) is equal to 

n\ f b \ f n 

b^\b2\---bn\{n-h)\ " U,^2,...,W U-ly 

Athanasiadis and Reiner [31 Theorem 1.3] proved that the number of tt G NCi5(ri) 
with type(7r) — (6; &i, 62, • ■ • , ^n) is equal to 

(7) =( ' V"-l^ 

^' bi\h2\---hn\{n-l-b)\ \bi,b2,...,bnj\b-l 

if 61 + 262 + ■ • • + nbn < n — 2, and 

(n- 1)! 



(8) (2(n-6) + 6i) 



6i!62!---6„!(n-6)! 

6 X/'n — lA / 6—1 A/'n. — 1 
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61,62, ■•• ,6n/ V ^ / V^l ~ 1;^2, • ■ ■ ,6„y ~ 1 



if 61 + 262 + ■ • • + n6„ = n. 

Armstrong 1, Theorem 4.4.4 and Theorem 4.5.11] generalized ([5]) and ([6]) as 
follows: the number of multichains tti < 7T2 < ■ ■ ■ < tti in NC^^^n) and in NC^'^(n) 
with type'-'^-' (tti) = (6; 61, 62, ... , 6„) are equal to, respectively, 

{£kn)l _ 1 / 6 \r£kn 

^ ^ 6i!62!---6„!(^fcn-6+l)! " 6 ^2, ■ • ■ , 6,J U - 1 

and 

{ekn)\ _ ( 6 A (Ikn 



^^^^ 6i!62!---6„!(^fcn-6)! yb^M, ■ ■ ■ .bn) \ b 

Krattenthaler and Miiller [5] generalized all the above known results except ^ 
in the following three theorems. 
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Theorem 1. [8l Corollary 12] Let b, bi, 62, ■ • ■ , bn and si, S2, • ■ • , se+i be nonnega- 
tive integers satisfying X]"=i ~ ^' 127=1 ~ ^' — n—1 and si ~ n~b. 

Then the number of multichains tti < n2 < ■ ■ ■ < TTe in NC^*-^^(7i) with rank jump 
vector (si, S2, ■ ■ • , and type^'") (tti) — (6; 61, 62, ... , bn) is equal to 

if b \ / kn\ ( kn 



b\bi,b2,...,bnJ\S2j \Si+ly 

Theorem 2. [S] Corollary 14] Let b, 61, 62, ... , bn and si, S2, . . . , s^+i be nonnega- 
tive integers satisfying — b, X^ILi ^ ' < n, X^iii *i ~ '^'^'^ = n — b. 

Then the number of multichains tti < 7r2 < • • • < tt^ m NC^^ (n) with rank jump 
vector (si, S2, ■ ■ ■ , s^+i) aJ^rf type''^^ (vri) ~ (6; foi, 62, ... , 6„) is egita/ to 

b \ / kn\ / fcn 

^bi,b2, ■ ■ ■ ,bnj \S2 J \si+i 

Theorem 3. [51 Corollary 16] Let b, bi, 62, ... , b^ and si, S2, ■ ■ ■ , s^_|_i be nonnega- 



n 



tive integers satisfying X^Li ^« = ^' E"=i i-h <n, J27=i i-^i^ n~\, Yl,i=\ = 
and si = n — 6. Then the number of multichains 

with rank jump vector (si, S2, . . . , s^+i) anrf type*-*^^ (tti ) = [b; bi, 62, ... , 6n) is equal 
to 

b \/fc(n-l)\ /fc(n-l)^ 
^&i,62, . . . ,6„y V S2 / V ■5^+1 



z/ bi + 262 + • • • + Ti^ri ^ n — 2, and 

b \/fc(n-l)\ /fc(n-l) 
ybi,b2, ■ ■ ■ ,bnj \ S2 J \ se+i 

Si — 1 f 6—1 1)\ fk{n — l)\ fk{n—l] 
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6 - 1 \6i - 1, ^^2, • . • , ^ V ^2 / \ s^-l J \ Se+1 

i/ 61 + 262 + • • • + nbn = n. 

Krattenthaler and Miiller's proofs of Theorems[l][2]and[3]were not combinatorial. 
Especially, in the introduction, they wrote that Theorems [T] and [2] seem amenable 
to combinatorial proofs, however, to find a combinatorial proof of Theorem [3] seems 
rather hopeless. In this paper, we will give combinatorial proofs of Theorems [U [5] 
and El 

This paper is organized as follows. In Section|2lwe recall the definition of NC b (n) 
and NCnin). In Section |3l we recall the bijection ^ in [7] between NC B{n) and 
the set of pairs (cr, a:), where a G NC(n) and x is either 0, an edge or a block 
of a. Then we find a necessary and sufficient condition for the two pairs (ai,xi) 
and (cr2,a;2) to be ip~^{ai,xi) < 4'~^{'^2tX2) in the poset NCB(n). This property 
will play a crucial role to prove Theorem |3l In Section |4l we prove Theorem |T] by 
modifying the argument of Edelman [6j. For < r < fc, we consider the subposet 
NC*-'^''(n; r) of NC(nfc + r) consisting of the partitions tt such that all but one blocks 
of TT have sizes divisible by fc. Then we prove similar chain enumeration results for 

NC^''^(n;r). We also prove that the poset NC {2n + 1) suggested by Armstrong 
is isomorphic to NC'^'^-'(n; fc). With this, we prove Armstrong's conjecture on the 

(2fc) 

zeta polynomial of NC (2n + 1) and answer the question on rank-, type-selection 
formulas [H Conjecture 4.5.14 and Open Problem 4.5.15]. In Section|5lwe prove a 
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6 5 

Figure 1. The circular representation of {{1,2,5, 10}, {3,4}, {6, 7, 9}, {8}}. 
-5 1 -5 1 




Figure 2. The circular representations of {±{1, 4, -5}, ±{2, 3}} 
and {{1,4, 5, -1,-4, -5}, ±{2, 3}}. 

generalization of (|4]) and Theorem [2l In Section [6] we prove Theorem |3l All the 
arguments in this paper are purely combinatorial. 

2. NONCROSSING PARTITIONS OF CLASSICAL TYPES 

Recall that Il{n) denotes the poset of partitions of [n] and IlB{n) (resp. n£i(n)) 
denotes the poset of partitions of type Bn (resp. Dn). For simplicity, we will write 
a partition of type Bn or Dn in the following way: 

{±{1, -3, 6}, {2, 4, -2, -4}, ±{5, 8}, ±{7}}, 

which means 

{{1, -3, 6}, {-1, 3, -6}, {2, 4, -2, -4}, {5, 8}, {-5, -8}, {7}, {-7}}. 

The circular representation of tt S n(n) is the drawing obtained as follows. 
Arrange n vertices around a circle which are labeled with the integers 1,2, ... ,n. For 
each block B of tt, draw the convex hull of the vertices whose labels are the integers 
in B. For example, see Figure [1] It is easy to see that the following definition 
coincides with the definition of a noncrossing partition in the introduction: tt is a 
noncrossing partition if the convex hulls in the circular representation of tt do not 
intersect. 

Let TT e Tlsin). The circular representation of tt is the drawing obtained 
as follows. Arrange 2n vertices in a circle which are labeled with the integers 
1, 2, . . . , n, —1, —2, . . . , —n. For each block B of tt, draw the convex hull of the ver- 
tices whose labels are the integers in B. For example, see Figure O Note that the 
circular representation of tt e Tlsin) is invariant, if we do not concern the labels, 
under the 180° rotation, and the zero block of tt, if exists, corresponds to the con- 
vex hull containing the center. Then tt is a noncrossing partition of type Bn if the 
convex hulls do not intersect. 
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-16 -16 
Figure 3. The type D circular representations of 

{±{1,-5, -6}, ±{2, 4, -7}, ±{3}} and 

{{l,6,-l,-6},±{2,4,5},±{3}}. 



1 2 3 4 5 6 7 8 9 10 11 12 13 14 

Figure 4. The standard representation of 

{{1, 2, 5, 10}, {3, 4}, {6, 7, 9}, {8}, {11}, {12, 14}, {13}}. 




Figure 5. The standard representation of {±{1, 2, -8}, ±{3, -7}, ±{4, 5}, ±{6}}. 



Let TT e Ilo{n). The circular representation of tt is the drawing obtained as 
follows. Arrange 2n — 2 vertices labeled with 1, 2, . . . , n — 1, —1, —2, . . . , — (n — 1) 
in a circle and put a vertex labeled with ±n at the center. For each block B of tt, 
draw the convex hull of the vertices whose labels are in B. Then tt is a noncrossing 
partition of type Dn if the convex hulls do not intersect in their interiors. For 
example, see Figure [3 

Let TT S n(n). An edge of tt is a pair (i, j) of integers with i < j such that 
i,j € B ioi a block B of w and there is no other integer k in B with i < k < j. 
The standard representation of tt is the drawing obtained as follows. Arrange the 
integers 1, 2, . . . , n in a horizontal line. For each edge {i,j) of tt, connect the integers 
i and j with an arc above the horizontal line. For example, see Figure S) Then tt 
is a noncrossing partition if and only if the arcs in the standard representation do 
not intersect. 

Let TT G 115(71). The standard representation of tt is the drawing obtained as 
follows. Arrange the integers 1,2, ... ,n, —1, —2, . . . , —n in a horizontal line. Then 
connect the integers i and j with an arc above the horizontal line for each pair 
{i,j) of integers such that i,j are in the same block B oi tt and there is no other 
integer in B between i and j in the horizontal line. For example, see Figure [51 
Then tt is a noncrossing partition of type i?„ if and only if the arcs in the standard 
representation do not intersect. 

Let NCB(n) denote the subposet of Hsin) consisting of the noncrossing parti- 
tions of type Bn. Note that for tt € NCB(n), rank(7r) = n — nz(7r), where nz(7r) 
denotes the number of unordered pairs {B, —B) of nonzero blocks of tt. 
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12345678 

Figure 6. The partition r obtained from the partition tt in 
Figure [S] by removing all the negative integers. Then X = 
{{1, 2}, {3}, {7}, {8}} is the set of blocks of r which arc not blocks 

of TT. 




12345678 



Figure 7. The partition a obtained from the partition t in Fig- 
ureiniby unioning {1, 2}, {8} and {3}, {7} which are the blocks in 
X = {{1, 2}, {3}, {7}, {8}}. Since X has even number of blocks, x 
is the edge (3,7). Then V'C"') = (o", a;) for the partition tt in Fig- 
ure [5l 



3. Interpretation of noncrossing partitions of type Bn 

Let *B(ri) denote the set of pairs (cr, x), where a G NC(n) and a; is either 0, an 
edge or a block of a. Note that since for each a S NC(n), we have n + 1 choices for 
X with (cr, x) G one may consider as NC(ri) x [n + 1]. 

Let us recall the bijection tp : NCB(n) *B(n) in |L7j. 

Let TT G NC B (n) ■ Then let r be the partition of [n] obtained from tt by removing 
all the negative integers and let X be the set of blocks of t which are not blocks 
of TT. For example, see Figure [H Now assume that X has k blocks Ai, A2, . . . , Ak 
with max(Ai) < max(yl2) < • • • < max(Afe). Let a be the partition obtained from 
T by unioning Ar and A^+i-r for all r = 1,2,..., [{k — 1)/2J . Let 

[0, iffc = 0; 

X = < (min(Aj,/2), niax(Ai,y2+i)), if fc ^ and k is even; 
[ ^(fc+i)/2, if k is odd. 

Then we define iP{tt) to be the pair {a,x). For example, see Figure[7l 

Theorem 4. [7J The map : NCB(n) — > 5B(n) is a bijection. Moreover, for 
TT G NCB(n) with type(7r) — (6; &i, b2, . . . , fo„) awrf '/'('"■) = (c, x), we have type((T) = 
type(7r) if tt does not have a zero block; and type((T) = (& + 1; 61, . . . , 5^ + 1, . . . , 5„) 
z/tt /las a zero block of size 2i. 

Now we will find a necessary and sufficient condition for (tJi, xi), ((T2, X2) € !B(n) 
to be '(/'"^(f ij 2:^1) < iJ~^{o'2,X2) in NC_B(n). 

For a partition tt (either in n(rt) or in IlB{n)), we write i ^ j if z and j are 

in the same block of tt and i 7^ j otherwise. Note that if iP{tt) — (cr, x), then we 
have i ^ j if and only if i ~ j or i ~ —j. The following lemmas are clear from the 
construction of ip. 

Lemma 5. Let iP{tt) — (cr, x). Then we have the following. 

(1) X = if and only if there is no integer i with i ^ —i. 

(2) X is an edge if and only if there is no integer i with i ~i and there are two 
positive integers i,j with i —j. In this case, there is a unique minimal 
length edge (a, b) satisfying —b and we have x = (a, b). 
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(3) X is a block if and only if there is an integer i with i ^ —i. In this case, x 
is the block consisting of the positive integers i with i ^ ~i. 

Lemma 6. Let ^{tt) = (c, x). For any i,j with i ~ j, we have the following. 

(1) If X ~ (b, then i ^ j and i — j- 

(2) // X is an edge (a, b) of a, then i j and i ^ —j if i < a < b < j ; and 

IT 

i ^ i and i 9^ — j otherwise. 

(3) If X is a block B of a, then i j and i ^ — j if {i,j} d B; i '/^ j and i —j 
if {i, j} (t B and i < min B < max B < j ; and i ^ j and i 9^ ~j otherwise. 

Proposition 7. Let ijj^TTi) — (cri,a;i) and ip{'^2) = {<^2tX2). Then tti < 7r2 if and 
only if CTi < (T2 OLf^d one of the following holds: 

(1) xi -2:2-0, 

(2) X2 is an edge {a,b) of 02 and xi is the unique minimal length edge {i,j) of 
(Ti with i < a < b < j if such an edge exists; and xi = $ otherwise. 

(3) X2 is a block of 02, and xi is a block of ai with x\ C X2, 

(4) X2 is a block of 02 and x\ is an edge (i,j) of ai with i,j £ X2. 

(5) X2 is a block of 02 and xi is the minimal length edge {i,j) of ai with 
i < niin(2:2) < max(a;2) < j if such an edge exists; and xi = otherwise. 

Proof. This is a straightforward verification using the above two lemmas. For 
instance, let us prove a one direction in the second case. 

Assume that tti < tt2 and X2 is an edge (a, 6) of fT2. Clearly, we have (Ti < cr2- 
For two positive integers i,j with i < j, we claim that i ^ — j if and only ii i j 
and i < a < b < j . 

Let « ~ ~j. Then we have i j. Since tti < ^2, we have i ^ —j and by 
Lemma [5] we get i < a < b < j . 

Conversely, let i j and i < a < b < j . Since ai < 02, we have i j and 

by Lemma ini we get i '/^ j and i ^ —j. On the other hand i ^ j implies i ^ j ot 
i ~ — J, but since tti < 7r2 we cannot have i^ j . Thus we get i ~ —j . 

By the claim and Lemma[5l we are done. The other cases can be shown similarly. 

□ 

4. fc-DIVISIBLE NONCROSSING PARTITIONS OF TYPE A 

Let fc be a positive integer. A noncrossing partition tt £ NC(A;n) is k-divisible if 
the size of each block is divisible by k. Let NC^*^-* (n) denote the subposet of NC(A:n) 
consisting of /c-divisiblc noncrossing partitions. Then NC*-''-'(7i) is a graded poset 
with the rank function rank(7r) — n — bk(7r), where bk(7r) is the number of blocks 

of TT. 

To prove ([1]), Edelman [6 found a bijection between the set of pairs (c, a) 
of a multichain c : tti < 7r2 < ■ ■ • < tt^+i in NC'-''\n) with rank jump vector 
(si, S2, . . . , s^+i) and an integer a € [n] and the set of (£+l)-tuples (L, i?2, . . . , i?^) 
with L G [n], \L\ ~ n — si, Ri £ [kn], and \Ri\ = Si for i £ [£]. This bijection has 
been extended to the noncrossing partitions of type S„ [H [TT] and type Z3„ [3] . 

In this section we prove Theorem [T] by modifying the idea of Edelman. Let us 
first introduce several notations. 
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4.1. The cyclic parenthesization. Let P{n) denote the set of pairs {L,R) of 
subsets L,R € [n] with the same cardinahty. Let {L,R) G P{n)- We can identify 
(L, R) with the cyclic parenthesization of (L, R) defined as follows. We place a left 
parenthesis before the occurence of i for each i ^ L and a right parenthesis after the 
occurence of i for each i £ R in the sequence 1, 2, . . . , n. We consider this sequence 
in cyclic order. 

For X d R, the size of x is defined to be the number of integers enclosed by x and 
its corresponding left parenthesis, which are not enclosed by any other matching 
pair of parentheses. The type of {L,R), denoted by type{L,R), is defined to be 
(&; 6i, 62, . . . , bn), where bi is the number oi x G R whose sizes are equal to i and 
6 = 61 + 62 + ••• + &«• 

Example 1. Let (i, R) = ({2, 3, 9, 11, 15, 16}, {1, 4, 5, 8, 9, 12}) G P(16). Then the 
cyclic parenthesization is the following: 

(11) 1) (2 (3 4) 5) 6 7 8) (9) 10 (11 12) 13 14 (15 (16 

Since we consider ([TT]) in the cyclic order, the right parenthesis of 1 is matched 
with the left parenthesis of 16 and the right parenthesis of 8 is matched with the 
left parenthesis of 15. The sizes of 5 and 8 in i? are 2 and 4 respectively. We have 
type(L,i?) = (6;1,4,0,1,0,...,0). 

Let P{n) denote the set of elements (i, R) e P{n) such that the type (6; &i, 62, • ■ • , bn) 
of (L, R) satisfies J27=i Thus we have (L, R) G P{n) if and only if there 

is at least one integer in the cyclic parenthesization of (i, R) which is not enclosed 
by any matching pair of parentheses. 

We define a map r from P{n) to the set of pairs (-B, tt), where tt G NC(n) and B 
is a block of tt as follows. Let (L, R) g Pin). Find a matching pair of parentheses 
in the cyclic parenthesization of (L, R) which do not enclose any other parenthesis. 
Remove the integers enclosed by these parentheses, and make a block of tt with 
there integers. Repeat this procedure until there is no parenthesis. Since {L, R) G 
P(n), we have several remaining integers after removing all the parentheses. These 
integers also form a block of vr and B is defined to be this block. 

Example 2. Let {L,R) be the pair in Example [T] represented by pT|) . Note that 
(i,i?) G P(16). Then r(L,i?) = {B,tt), where tt consists of the blocks {1,16}, 
{2, 5}, {3, 4}, {6, 7, 8, 15}, {9}, {11, 12} and {10, 13, 14}, and B = {10, 13, 14}. 

Proposition 8. The map t is a bijection between P(n) and the set of pairs {B,tt), 
where tt G NC(n) and B is a block ofn. Moreover, ifT{L,R) = {B,tt), type(7r) = 
(6; 61, 62, ■••,&«) and \B\ = j, then type(L, i?) = (6 - 1, 61, . . . , 5^ - 1, . . . , bn). 

Proof. Let t{L,R) — {B,tt). It is clear that tt G NC(n). It is sufficient to find the 
inverse map of r. 

Let TT G NC(n) and i? be a block of tt. We will find L and R as follows. First we 
start with L = R = % and the cyclic sequence P which is initially 1, 2, . . . , n. If tt 
has more than one block, then let A be a block of vr not equal to B such that the 
elements of A are consecutive in the cyclic sequence P. Note that we can find such 
a block because tt is a noncrossing partition. We add the first and the last integers 
of A in the cyclic sequence P to L and R respectively. And then we remove the 
block A from tt and remove the integers in A in the cyclic sequence P. Repeat this 
procedure until tt has only one block B. Then the resulting sets L and R satisfy 
t{L,R) = {B,tt). Thus T is a bijection. 
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The 'moreover' statement is obvious from the construction of r. □ 

We define P{n,i) to be the set of {£ + l)-tuples (i,i?i,i?2, ■ • • ,Ri) such that 
L, Ri, R2, . . . , Re C [n] and \L\ = |i?i | + |i?2| + ■ • • + Similarly, we can consider 
the labeled cyclic parenthesization of {L, Ri, R2, . . . , Ri) by placing a left parenthesis 
before i for each i € L and right parentheses )jj • • • labeled with ji < j2 < 
■ ■ ■ < jt after i if Rj-^ , Rj^ , • ■ • , Rjt are the sets containing i among Ri, R2, . . . , Re. 
For each element x £ Ri, the size of x is defined in the same way as in the case of 
{L,R). We define the type oi {L, Ri, R2, . . . , Re) similarly to the type of {L,R). 

Example 3. Let T = (i,i?i,i?2) ({2, 4, 5}, {2}, {2, 6}) £ P(7,2). Then the 
labeled cyclic parenthesization of T is the following: 

(12) 1 (2)1)2 3 (4 (5 6)2 7 

Then the size of 2 G i?i is 1, the size of 2 £ i?2 is 3 and the size of 6 £ i?2 is 2. 
Thus the type of T is (3; 1, 1, 1, 0, ... , 0). 

Lemma 9. Let &, 61, 62, • • • , &n o.nd ci, C2, . . . , q be nonnegative integers with b — 
61+62 + - • ■ + bn = C1+C2 + - • -+01. Then the number of elements (L, i?i, i?2, . . . , Re) 
in P{n, £) with type (b; 61, 62, ... , 6n) o,nd \Ri\ — Ci for i G [i] is equal to 

^61,62, ••■ ,6„/ Vci/ VC2/ \cey 

Proof, het {L, Ri, R2, . . . , Re) G P(n, i?) satisfies the conditions. Let Xii,Xi2, . . . ,Xiai 
be the elements of Ri with xn < Xi2 < . . . < Xia^ . Let tij be the size of Xij 

bl b2 

Then the sequence of tij's is an arrangement of 1, . . . , 1, 2, . . . , 2, . . . , n, . T. , ri. Since 
(i, i?2, . . . , Re) is completely determined by Ri's and tij^s, we are done. □ 

Let P{n,£) denote the set of {L, Ri, R2, . . . , Re) G P{n,£) such that the type 
{b;bi,b2, . . . ,bn) of (L, i?i, i?2, . . . , i?£)_satisfies X]"=i < 

Using r, we define a map r' from P{n,£) to the set of pairs {B,c), where c : 
Ti": < 7r2 < • • • < 71'^ is a multichain in NC(n) and i? is a block of tti as follows. Let 
P — {L, Ri, R2, . . . , Re) G P{n, i). Applying the same argument as in the case of 
T to the labeled cyclic parenthesization of P, we get (Bi, tti). Then remove all the 
right parentheses in i?i from the cyclic parenthesization and their corresponding left 
parentheses. By repeating this procedure, we get (B^, tt^) for i = 2, 3, . . . , ^. Then 
we obtain a multichain c : tti < 7r2 < • • • < tt^ in NC(n). We define t'(P) = (i?i, c). 

Proposition 10. The map r' is a bisection between P{n,£) and the set of pairs 
(P,c) where c : tti < 1:2 < ••• < -Ke is a multichain in NC(n) and B is a 
block of TTi. Moreover, if t'{L, Ri, R2, . . . , Re) = {B, c), the rank jump vector of 
c is {si, S2, . . . , se+i), type(7ri) = (6; 61, 62, • • • , 6„) and \B\ = j, then the type 
of {L,Ri,R2, ...,Re) is {b - l;bi, . . . ,bj - 1, . . . ,6„) and (|i?i|, |i?2|, ■ ■ • , \Re\) = 

(s2,S3,...,S£+i). 

Proof. We will find the inverse map of r'. This can be done by using a similar 
argument in [21 El E]. Let c : tti < 7r2 < • • • < tt^ be a multichain in NC(n) and 
B be a block of tti. Let Bi be the block of tt; containing B. Now we construct the 
corresponding labeled cyclic parenthesization as follows. 

Let Pe be the labeled cyclic parenthesization T~^{Be,TTe) where all the right 
parentheses are labeled with £. Then for i G [-^ — 1] we define Pi to be the labeled 
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cyclic parenthesization obtained from Pi+i by adding the left parentheses, which 
are not already in -P^+i, and the corresponding right parentheses of T^^{Bi, tt^) and 
by labeling the newly added right parentheses with i. It is not difficult to check 
that the map {B,c) i— > Pi is the inverse map of t'. 

The 'moreover' statement is obvious from the construction of r'. □ 

Theorem 11. Let 6, 6i, 62, • ■ ■ , cind si, S2, . . . , s^+i be nonnegative integers sat- 
isfying X]r=i = ^' I]"=i i ■ bi = n, J2iti Si = n - 1 and Si = n - 6. Then 
the number of multichains tti < 7r2 < • ■ ■ < tt^ m NC(n) with rank jump vector 
(si, S2, . . . , Si+i), type(7ri) = (6; 61, 62, ■ ■ • , bn) is equal to 



1 / b 



n \ n 



b\bi,b2, ■ ■ ■ ,bnj \S2j \se+i 

Proof. By Lemma [S] and Proposition 1101 the number of pairs (i?,c), where c is a 
multichain satisfying the conditions and _B is a block of tti, is equal to 

^ V5i, . . . ,6j - 1, . . . ,6„/ Vs2/ \se+ij \biM,- ■ ■ ,KJ \S2j \st^i 

Since there are b = bk(7ri) choices of B for each c, we get the theorem. Note that 
Lemma |9] states the number of elements in P{n,£). However, by the condition on 
the type, all the elements in consideration are in P(n,£). □ 

Now we can prove Theorem [T] 

Proof of TheoremUi Let tti < 7r2 < • • • < tt^ be a multichain in NC'''^-'(n) with 
rank jump vector (si, S2, . . . , s^+i) and type^*'-' (tti) — (6; 61, 62, ■ • ■ , bn)- Then this 
is a multichain in NC(fcn) with rank jump vector {kn — 1 — 6, S2, . . . , s^+i) and 
type(7ri) = (6; 6'^, 63, . . . , bj^.^) where b'/,- — bi for i e [n] and b'j = if j is not 
divisible by k. By Theorem I 111 the number of such multichains is equal to 

1 / b \ fkn\ / fcn \ 1 / b \ fkn\ / kn 

6 V6'i,6'2,...,5'j.„y Vs2/ \Si+i) b\bi,b2,...,bnJ\S2j \se+i 

□ 



4.2. Augmented fc-divisible noncrossing partitions of type A. If all the block 
sizes of a partition tt are divisible by k then the size of tt must be divisible by k. 
Thus fc-divisible partitions can be defined only on [kn]. We extend this definition 
to partitions of size not divisible by k as follows. 

Let k and r be integers with < r < fc. A partition tt of [kn + r] is augmented 
k- divisible if the sizes of all but one of the blocks are divisible by k. 

Let NC'-'^-' (n; r) denote the subposet of NC(A;n + r) consisting of the augmented 
fc-divisible noncrossing partitions. Then NC'''^-' (n; r) is a graded poset with the rank 
function rank(7r) — n — bk'(7r), where bk'(7r) is the number of blocks of tt whose 
sizes are divisible by k. We define type''"'-' (tt) to be (b; bi, 62, ... , bn) where bi is the 
number of blocks B of size ki and b — bi + b2 + ■ ■ ■ + bn- 

Theorem 12. Let < r < k. Let b, 61, 62, ... , bn and si, S2, . . . , S£+i be nonnega- 
tive integers satisfying X]"=i — i ■ bi < n, J2i=i Si — n and si — n — b. 
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Then the number of multichains c : tti < 7r2 < • • • < tt^ m NC^''^ (n; r) with rank 
jump vector (si, S2, . . . , s^+i) and type'-'^^ (tti) = (6; bi, 62, ... , 6„) is egitaZ to 

(b \ / kn + r\ f kn + r\ 
61,62, . . . ,6„/ V •'^2 / V Sf+i / 

Proof. Let to = fcrt + r — X]r=i ' Observe that, as an element of NC(fcri + r), 
TTi has type (6 + 1; 6^, 63, ■ • ■ , Kn+r)^ where 6'^,^ = 6i, b'^ = 1 and 6^ = if j 7^ to 
and j ^ /ci for any i e [n]. For given multichain c satisfying the conditions, let B 
be the unique block of tti whose size is m. By Lemma [9] and Proposition [TOl the 
number of pairs {B, c) is equal to 

/ 6 \ /A;n + r\ /fcn + r\ 

which is equal to the desired formula. □ 

Adding up for all the possible nonnegative integers 61, 62, • ■ • , 6„ in Theorem II 2) 
we get the following corollary. 

Corollary 13. Let < r < k. Let si, S2, ■ ■ • , be nonnegative integers with 
Si + ■ ■ ■ + si^i ~ n. Then the number of multichains in NC*-*^-* (n; r) with rank jump 
vector (si, S2, ■ • ■ , is equal to 

/'n\/'kn + r\ fkn + r\ 
\sij \ S2 J V Si+i /■ 

The zeta polynomial Z{P, £) of a poset P is the number of multichains Xi < X2 < 
■ ■ ■ < Xi in P. By summing the formula in Corollary [T3l for the all {£ + l)-tuples 
(si, . . . , Sf+i) with si + • • • + Sf-|_i = n, we get the zeta polynomial of NG^'^\n; r). 

Corollary 14. Let Q < r < k. The zeta polynomial 0/ NC^*^-* (n; r) is the following: 
5. fc-DIVISIBLE NONCROSSING PARTITIONS OF TYPE B 

Let TT S NCB(fcn). We say that tt is a k-divisible noncrossing partition of type 
Bn if the size of each block of tt is divisible by k. 

Let NC^''(n) denote the subposet of NCs(fcn) consisting of /c-divisible noncross- 
ing partitions of type i?„. Then NC^''(n) is a graded poset with the rank function 
rank(7r) = n — nz(7r), where nz(7r) denotes the number of unordered pairs (_B, —B) 
of nonzero blocks of tt. 

We can prove Theorem [2] using a similar method in the proof of Theorem [1] 
Instead of doing this, we will prove the following lemma which implies Theorem [21 
Note that the following lemma is also a generalization of (jl]). 

For a multichain c : tti < 772 < ■ ■ • < tt^ in NC^''(n), the index ind(c) of c is the 
smallest integer i such that tt^ has a zero block. If there is no such integer i, then 
ind(c) ^£+1. 

Lemma 15. Let 6, 61, 62, . . . , 6„ and si, S2, ■ • ■ , be nonnegative integers sat- 
isfying X]r=i ~ ^' S"=i i ■ bi < n, J2i=i 3i — n and si = n — b. Then the 
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number of multichains c : tti < 7r2 < • • • < tt^ m (n) with rank jump vector 

(si, S2, • ■ ■ , se+i), type'*^-' (tti) = (6; 61, 62, ■ • • , 6„) and ind(c) — i is equal to 

/ 6 \ fkn\ / kn \ 

\PiM:---iK)\S2) \se+i)' 

if i = I. and 

Si f b \ / kn\ f kn\ 

b \bl,b2, ■ ■ ■ ,bnj \S2 J \Si+lJ' 

ifi>2. 

Proof. Recall the bijection ip in Section [H Let i'iT^j) — {aj,Xj) for j G By 
Theorem[71 we have CTj G NC*-'^-*(ri) and cri < 0-2 < • ■ • < cr^ . Since ind(c) = i, xi is 
a block of cTi and xi^i is not a block of Ui-i. By Theoreni[7l xi, 2:2, . . . , a;i-2 and 
Xi+i, . . . , a;£ are completely determined by respectively Xi-i and a:^ together with 
(Ti, (72, ■ • ■ J f^- Moreover, Xi-i is one of the following: 

• an edge (m, v) of i7i_i such that u, u G x^, 

• the minimal length edge {u^v) of 7rj_i with u < min(a;j) < max(a;j) < t; if 
such an edge exists; and otherwise. 

Again by Theorem[71 for any choice of c' : cti < (72 < • • • < cr^, Xi and Xi-i with the 
above conditions, we can construct the corresponding multichain tti < tt2 < ■ ■ ■ < 

Assume i — 1. Then tti has a zero block. Let 2t • fc be the size of the zero block 
of TTi. Then type((7i) = (6 + 1; 61, . . . , 64 + 1, . . . , 6„) and the rank jump vector of 
c' is (si — 1, S2, . . . , S£^i). Thus the number of such multichains c' is equal to 

1 / 6+1 \ /fcn\ / kn\ 

bTl\bi, . . . ,bt + 1, . . . ,bn) \S2 ) "' WJ' 

and the number of choices of xi is fet + 1. By multiplying these two numbers, we 
get the formula for the case i = 1. 

Now assume i > 2. Then type((7i) = (6; &i, 62, ... , 5„) and the rank jump vector 
of c' is (si, . . . , Si — 1, . . . , Sf+i). Thus the number of such multichains c' is equal 
to 

1/ 6 \ /fcn\ / fcn \ / fcn \ 
^ ^ b[bi,b2,...,bj[s2j"'[s,-l)"'[se+J- 

Let us fix such a multichain c'. Note that Xi can be any block of ct^. If Xi is a block 
B oi ai, then there are 1 + e(i?) choices of Xi-i, where e{B) is the number of edges 
{u,v) in cFi-i with u,v £ B. Thus there are X^seo- ^i^)) choices for Xi and 
Xi-i. Note that i? is a union of several blocks of (7j_i. Let t{B) be the number of 
blocks of (7i_i whose union is B. Then e{B) = \B\ — t{B). Thus the number of 
choices of Xi and Xi^i is equal to 

^(l + e(B))= 5](l + |i?|-t(i?)) 

= fcn - ^ {t{B) - 1) 
= kn — (si — 1). 

The product of this number and is equal to the formula for the case i > 2. □ 
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5.1. Armstrong's conjecture. Let NC (n) denote the subposet of NC'-'"-'(ri) 
whose elements are fixed under the 180° rotation in the circular representation. 

Armstrong [H Conjecture 4.5.14] conjectured the following. Let n and k be 
integers such that n is even and k is arbitrary, or n is odd and k is even. Then 

' — ^(^) ( k) 

If n is even then NC (n) is isomorphic to NC_^ (n/2), whose zeta polynomial 

(fe) 

is already known. If both n and k are odd, then NC (n) is empty. Thus the 
conjecture is only for n and k such that n is odd and k is even. In this case, the 
formula is equivalent to the following: 

Z(Nc'"'(2n+lM).^" + ^(2^" + ^) 



n 

Theorem 16. Let n and k be positive integers. Then 

Nc'^''\2n + 1) = NC'-^''\n; k). 

(2fc) 

Proof. Let tt e NC (2n + 1). Since tt is invariant under the 180° rotation, we can 
consider tt as an element of NCB(2fcn + k). Note that the sum of the block sizes of 
TT is divisible by 2k but not by 4fc. Since all the block sizes are divisible by 2k and 
the nonzero blocks appear in pairs, tt must have a zero block B of size divisible by 
2k but not by 4fc. 

Now consider the map ip : NCB(n) 05 (n) defined in Section [3l Let ipM = 
(cr, x). Since tt has the zero block B, by Theorem [H x is a block whose size is 
divisible by k but not by 2k. All the other blocks in cr have sizes divisible by 2k. 
Thus a G NC(^'=)(n;fc). Since x is the only block of a whose size is not divisible 

by 2k, the map tt i-^ ct is a bijection between NC^ \2n + 1) and NC^^*^-* (n; fc). 
Moreover, if tt < tt' and tt' a' , then a < a' . Thus this map is in fact a poset 
isomorphism. □ 

(2fc) ,,\ 

For TT e NC {2n + 1), let type('='(7r) = (6; 6i, 62, • • ■ , &ri), where 26,; is the 
number of blocks of tt of size ki which are not invariant under the 180° rotation 
and 6 = 61 + 62 + ■ • • + &n- 

By Theorem 1161 we get the following theorems immediately from Theorem I12[ 
Corollaries [H] and [TH 

Theorem 17. Let b, bi, 62, • ■ • , 6„ and si, S2, . . . , S£+i be nonnegative integers sat- 
isfying X)r=i ~ ^! X]r=i * ' ^ 12i=i Si = n and si ~ n — b. Then the 

(2k) 

number of multichains tti < 772 < • • ■ < tt^ m NC (2n + 1) with rank jump vector 
(si, S2, . . . , si+i) and type*-*^) (tti) ~ (6; fei, 62, . . . , 6n) is equal to 

b \ l'2kn + k\ f2kn + k 
bi,b2, ■ . . ,bnj \ S2 J \ se+i 

Corollary 18. Let si, S2, • ■ • , s^+i be nonnegative integers with si + S2 + • • • + 

(2fe) 

se+i = n. Then the number of multichains in NC (2n + l) with rank jump vector 
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(si, S2, . . . , si+i) is equal to 

l'n\/'2kn + k\ (2kn + k\ 

\Sl)\ 32 ) \ Sl+l )' 

(2fc) 

Corollary 19. [U Conjecture 4.5.14] The zeta polynomial o/NC (2n+ 1) is the 
following: 

6. /c-DIVISIBLE NONCROSSING PARTITIONS OF TYPE D 

Krattenthaler and Miiller [8 found a combinatorial realization of fc-divisible non- 
crossing partitions of type Z?„. Let us review their definition. 

Let TT be a partition of {1, 2, . . . , kn, —1, —2, . . . , —kn}. We represent tt using the 
annulus with the integers 1, 2, ... , kn — k, —1, —2, . . . , —{kn — k) in the outer circle in 
clockwise order and the integers kn—k+1, kn—k+2, . . . , kn, — (fcn— fc+1), — (fcrt— fc+ 
2), . . . , ~kn in the inner circle in counter clockwise order. We represent each block 
S of TT as follows. Let B — {ai, 02, . . . , a„}. We can assume that oi, 02, . . . , are 
arranged in the outer circle in clockwise order and Oi+i. 0^+2 , • ■ ■ , are arranged in 
the inner circle in counter clockwise order for some i. Then we draw curves, which 
lie inside of the annulus, connecting Oj and flj+i for all j G [u], where a^+i = ai. 
If we can draw the curves for all the blocks of tt such that they do not intersect, 
then we call tt a noncrossing partition on the (2fc(n — 1), 2k)-annulus. 

A k-divisible noncrossing partition of type Z)„ is a noncrossing partition tt on the 
{2k{n — 1), 2A;)-annulus satisfying the following conditions: 

(1) If B e TT, then -B G tt. 

(2) For each block Ban with u elements, if ai, a2, . . . , a„ are the elements of 
B such that ai, 02, . . . , are arranged in the outer circle in clockwise order 
and a^+i, 0^+2, • • • , are arranged in the inner circle in counter clockwise 
order, then flj+i = Oj + 1 mod k for all j G [u], where a.^+i = ai. 

(3) If there is a zero block B of tt, i.e. B = —B, then B contains all the integers 
in the inner circle. 

(4) If a block B contains only the integers on the inner circle, then B is either 
{kn — k + 1, kn — k + 2, . . . , kn} or { — {kn — fc + 1), —{kn — k + 2), —kn}. 

Let NC^''(n) denote the set of fc-divisible noncrossing partitions of type D„. See 
Figure [8] and [9] for some elements in NC^''(n). 

Let TT G NC^"* (n) . If a nonzero block B oi tt contains integers both in the outer 
circle and in the inner circle, then we call B an annular block of tt. Let NC^ (n) 
denote the set of tt G NC^-* (n) containing at least one annular block. 

Consider an {£ + l)-tuple (i, Ri, . . . , Rg) of sets L, Ri, . . . , Rg C [n] with \L\ < 

\Ri\-\ \-\Re\. Let R = i?il±)i?2W- ■ be the disjoint union of i?i , i?2 , ...,Ri. We 

regard the elements in L and R as left and right parentheses of 1, 2, . . . , n in cyclic 
order. If \L\ < \R\, then there are several right parentheses, which do not have the 
corresponding left parentheses. We call such a right parenthesis unmatched. Let R' 
be the set of unmatched right parentheses. Let / be a function from R' to positive 
integers. Then we can represent the {£ + 2)-tuple {L,Ri, . . . ,Ri,f) as a doubly 
labeled cyclic parenthesization as we did in Section [4] together with the additional 
label f{x) for each unmatched right parenthesis x. 
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-16 1 



-16 1 




-1 16 



1 16 



Figure 8. Two elements in NC^-'(5). In the left diagram, the 
integers in the inner circle form two blocks ±{17, 18, 19, 20}. 



-16 1 



16 1 




3 ^^"^ — ' 14 

-2 _i ig 15 



Figure 9. Two elements in NC^'(5). 



Example 4. Let L = {2, 3, 5, 6, 12, 13}, i?i = {4, 8, 12}, i?2 = {4, 9}, i?3 = {1, 2} 
and i?4 = {4,7}. Then {L, Ri, R2, Rs, R4) is represented by the following paren- 

thesization: 

(14) 1)3 (2 (3 4)1)2)4 (5 (6 7)4 8)1 9)2 10 11 (12)1)3 (13 

The unmatched right parentheses are 4 G -R4, 9 e i?2 and 12 e R3. Let / be 
the function on these unmatched right parentheses with values 3, 5 and 2 respec- 
tively. Then (L, i?2, R3, /) is represented by the following doubly labeled cyclic 

parenthesization: 

(15) 1)3 (2 (3 4)1)2)^ (5 (6 7)4 8)1 9)^ 10 11 (12)i)2 (13 

Let Poin, i) denote the set of (£+2)-tupIes (L, . . . , R/>, /) where L,Ri, . . . ,Rf C 

[n], \L\ < \Ri\-{ \-\Re\ and / is a function from the unmatched right parentheses 

to positive integers. 



CHAIN ENUMERATION OF NONCROSSING PARTITIONS 



17 



Let {L, Ri,..., Ri, /) e PD(n, t). Let i? = i?i W i?2 W ■ • • tt) Ri and let R' be the 
set of unmatched right parentheses. For each right parenthesis x € R, we define 
the size of x as follows. If x ^ R', then the size of x is defined to be the number of 
integers enclosed by x and its corresponding left parenthesis, which are not enclosed 
by any other pair of parentheses. If x £ i?', then the size of x is defined to be f{x) 
plus the number of integers between x and its previous unmatched right parenthesis 
which are not enclosed by any pair of parentheses. 

Example 5. Let {L, Ri, R2, R3, R4, /) be the element in Pd(13, 4) represented by 
(fT5| . If we draw only the right parentheses labeled with their sizes, then we get the 
following: 

(16) 1)1 2 3 5 6 7)1 8)? 9)^ 10 11 I2)l)t 13 
Note that we can recover (fT5|) from (fTB]) . 

Let P^^'' (n, i) denote the set of {£ + 2)-tuples (L, i?i, . . . , Ri, f) G Poikn - fc, £) 
with the following conditions. As before, R — Ri ^i) R2 ^ ■ ■ ■ ^ Re and R' is the set 
of unmatched right parentheses. 

(1) If \L\ = \R\, then there is at least one integer which is not enclosed by any 
pair of parentheses. 

(2) If |L| < |i?|,then E.efl' /(^) - fc- 

(3) The size of each right parenthesis a; G i? is divisible by k. 

For (L, . . . , Re, /) e P^^\n, i), let type('=)(L, Ri,...,ReJ)^ {h; 61, 62, • • ■ , &„), 
where hi is the number of right parentheses whose sizes are equal to ki for i G [n] , 
and b — bi + b2 + ■ ■ ■ + bn- Note that if \L\ — \R\ then Y17=i * " — 2, and if 

\L\ < \R\ then J2ti ^-b^^n. 

Lemma 20. Let 6, 61, 62, . . . , 6n and ci, C2, . . . , C£ be nonnegative integers with b — 
bi + b2 + ■ ■ ■ + bn = ci + C2 + ■ • • + C£ and X]r=i i ■ bi < n. Then the number of 
elements P — (L, Ri, . . . , Re, f) in P^\n,£) with type^'^^(P) = (6; 61, 62, ■ • • , ^n) 
and (|i?i|, \R2\1 ■ ■ ■ , \Ri\) — (ci, C2, . . . , ce) is equal to 

/ b \/fc(n-l)\ /fc(n-l)Y 
\bi,b2, ■ ■ ■ ,bnj \ ci ) \ Ce J' 

Proof. This can be done by the same argument in the proof of Lemma [9l □ 

We define a map te, from P^ {n, C) as follows. Let P ^ (L, . . . , Ri, f) G 
P^jff' (n, £). Let i? = i?i 1+1 i?2 W • • ■ l±) i?£ and R' be the set of unmatched right paren- 
theses. We will first define tt G NC^''(n) as follows. We place a left parenthesis 
before each occurence of i and —i for each i L and right parentheses with sub- 
scripts ji, j2, • ■ • , jt after each occurence of i and — z if i is in Rj-^ , Rj^ , . . . , Rj^ with 
Ji < J2 < • • • < it h^ the following infinite cyclic sequence: 

(17) . . . , 1, 2, . . . , fc(n - 1), -1, -2,..., -k{n - 1), 1,2,... 

Find a matching pair of parentheses which do not enclose any other parenthesis 
in (fTT)) . Remove the pair of matching parentheses and the integers enclosed by 
them and all of their infinite copies. The removed integers form a block of tt. We 
repeat this procedure until there is no matching pair of parentheses. Then we have 
the following three possibilities. Now consider the (2fc(n — 1), 2fc)-annulus. 
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Case 1: There is no unmatched right parenthesis. This happens when \L\ — 
\R\. By definition of pjj\n,£), there are remaining integers. Then these 
integers together with the integers in the inner circle form a zero block of 
TT. We define td{P) to be the set {it} consisting of n alone. 

Case 2: There is an unmatched right parenthesis, and there is no remaining 
integer. Since the size of each right parenthesis is divisible by fc, there must 
be only one unmatched right parenthesis x with f{x) = k. In this case we 
add two blocks ±{kn — fc + l,fcn— fc + 2, kn} to n. We define td{P) 
to be the set {tt} consisting of tt alone. 

Case 3: There are unmatched right parentheses and remaining integers. Let 
Y be the set of remaining integers. Let R' — {xi,X2, . . .^Xj} with xi < 
X2 < ■ ■ ■ < Xj . Then the right parentheses coming from R' divide the initial 
infinite cyclic sequence (IT71) into the 2j blocks ±Xj's, where 

Xi = {-flj + 1, . . . , -k{n - 1), 1, 2, ... , ai}, 

Xi = {tti-i + 1, Ci-i + 2, . . . , aj for i = 2, 3, . . . , j. 

For i e [j], we claim that X,nY^(l). If n y = 0, then the un- 
matched right parenthesis Xi has size f{xi) which is divisible by k. Since 
J2xeR' /(^) — ^ ^^'i /(^) > 0, we get f{xi) — k, j — 1 and Y — 9, which is 
a contradiction to the assumption of this case. Thus we have n F / 0. 

Let Ai ^ Xi CiY and — max{Ai) for i G [j]. We define and 
B~ for i e [j] as follows. We first define and BJ . There is a unique 
positive integer Cj in the inner circle such that cj = aj + I mod k. Let 
Bj' (resp. B~) be the set obtained from Aj by adding f{aj) consecutive 
integers in the inner circle starting from cj (resp. —Cj) in counter clockwise 
order. We define Bj'_^ (resp. B~_^) to be the set obtained from Aj-i by 
adding the /(aj_i) consecutive integers next to the integers used for 
(resp. B~) in the inner circle. Repeat this until we get B^ and . Let 7r+ 
(resp. 7r~) be the partition obtained from tt by adding ±B+, ±B+, . . . , ±B+ 
(resp. ±i?f , ±5^, . . . , ±S~). We define td{P) to be the set {7r+, tt^}. 

Example 6. Let X be the element in P^jj' {IQ) represented by the following: 

(18) (12 3 4)2 (5 6 (7 8 9 10)2 11 12)i)^ (13 14 15 16)2 

Then T'i^\x) = {tt}, where TT is the partition represented by the left diagram in 

Figure [8] (resp. Figure [9|. Let Y be the element in p\^\\(3) represented by the 
following: 

(19) 1 2 (3 4 5 6)1)^ 7 8)^ 9 (10 11 12 13)2 14 15)^ (16 

where tt"'' is the partition represented by the left diagram 
in Figure [9] and tt^ is the partition obtained from 7r+ by changing i to —i for each 
i in the inner circle. 

Proposition 21. Let tt G NC^''(n). Then there is a unique {L,R,f) G P\^\n, 1) 
such that TT G td{L, R, /). 

Proof. The uniqueness is obvious from the construction of td- We find {L, R, f) as 
follows. Find a nonzero block B oi n such that the integers of B in the outer circle 
of the annulus are consecutive in clockwise order. If B does not have an integer in 
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the inner circle, then add \i\ to L and \i'\ to R where i and i' are the first and the 
last integers among the consecutive integers. If B has an integer in the inner circle, 
then we only add \i'\ to R, and define f{\i'\) to be the number of integers of B in 
the inner circle. Remove the integers in B and —B in tt, and repeat this until tt 
has no nonzero blocks. After finishing this procedure, we get L, R and /. It is easy 
to see that tt e T£i{L^R^ f). 

□ 

Example 7. The unique (i, i?, /)'s for the partitions represented by the left and 
right diagrams in Figures [8] and [9] are the following. 

(20) (1 2 3 4) (5 6 (7 8 9 10) 11 12) (13 14 15 16) 

(21) 1 2 3 4) 5 6 (7 8 9 10) 11 12)"* (13 14 15 16 



(22) 1 2)1 (3 4 5 6) 7 8)^ 9 (10 11 12 13) 14 15)^ (16 

(23) 1 2 3 4 5 6)1 7 8)^ 9 (10 11 12 13) 14 15)^ (16 

Let P^) {n,t) denote the set of elements {L, Ri, . . . , Ri, f) in Pj-, {n,i) such 

that \L\ < \Ri\-\ h \Re\. For P e P^^\n,e) and e e {-1,1}, we wih define a 

multichain 71-1 < TTs < ■ • ■ < TTf in NC^^ (n) as follows. 

Let P = (i, . . . , /). Consider the doubly labeled parenthesization rep- 
resenting P as shown in p6|) . Let Pi = P. Then for 2 < i < n, Pi is obtained 
from Pi-i by removing all the right parentheses in Ri-i and their corresponding 
left parentheses, if exist. If unmatched right parentheses are removed, then their / 
values are added to the next unmatched right parentheses in cyclic order, if exist. 
For instance, if Pi is 

1)^ 2 3)1 4 5)} 6 (7 8)i)i 9 10)1 H (12)2 , 

then, in P2 the / values of 3, 5 S i?i are added to the / value of 8 G -R2, and the / 
value of 10 G Ri is added to the / value of 1 G i?2- Thus P2 is 

1)^ 2 3 4 5 6 7 8)^ 9 10 11 (12)2 . 

Now consider the sequence of sets td{Pi),td{P2), ■ ■ ■ ,TD{Pe)- Observe that at 
least one of these sets contains two elements. Let i be the smallest integer such 
that ToiPi) has two elements. Then rniPi) — {tt^, tt"}. Let tti, 7r2, . . . , 7ri_i be the 
unique elements in td{Pi), td{P2), ■ ■ ■ , TD(Pi-i) respectively. Let tt^ = 7r+ if e = 1; 
and TTi = 7r~ if e = —1. There is a unique sequence i^i+ii . . . , tt^ of elements 
in ToiPt+i), TDiPi+2), ■ • ■ , td{Pi) respectively such that tt^ < tTj+i < • • • < tt^. We 
define t']j{P, e) to be the multichain tti < 7r2 < • • • < tt^ in NC^''(n). Note that we 
have TTj G NCp (n) for at least one j G 

Remark 1. Our map t'j-, is a generalization of the map of Athanasiadis and Reiner 
for NC£)(n) defined in [31 Proposition 4.3]. 

Example 8. If P is ([T5)) (resp. (HH)), then t'jj{P) is the multichain consisting of 
two elements in Figure [8] (resp. Figure [9]). 
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Proposition 22. The map t'jj is a bijection between Pj-, {n,i) x {—1,1} and the 

set of multichains tti < 7r2 < • • • < tt^ in NC^^ (n) with nj G NC^"* (n) for at least 
one j G [£]. Moreover, if P = [L, Ri, . . . , Ri, f) and T'jj{P,e) is the multichain 
TTi < 7r2 < • • ■ < 7r£ with rank jump vector (si, S2, . . . , s^+i), then iype^^\P) = 
type('=)(7ri) and (|i?i|, |i?2|, • ■ • , \Ri\) = (s2,S3, . . .,si+i). 

Proof. We will find the inverse map of t'j^ . Let tti < 7r2 < • • • < tt^ be a multichain 
in NC^''(n) with TTj G NC^''(n) for at least one j G [£]. By Proposition [211 there 
is a unique element {L[,R[,fi) G P^j!^\n,l) with tt^ G T£){L[, R[, fi). Let j be the 

ffc^ 

smallest integer such that -Kj G NC^, (n). Then -Kj G td{Lj, Rj, fj) = {7r+,7r"}. 
We define e = 1 if tt^ = 7r+ and e = — 1 otherwise. 

Now we define P = (L, i?2, • ■ • , -R^, /) G P^, (n,-^) as follows. First we set 
L = L'^ and R^ = R't- Then define Rt-i to be the set of right parentheses in R'i_i 
whose corresponding left parentheses, if exist, are not already in L. And the we 
add these corresponding left parentheses to L. Repeat this procedure until we get 
L, Ri, R2, . . . , Re- Note that the unmatched right parentheses of i? = i?i W i?2 W 
• • • y i?£ are exactly those of R[ . Let f = fi- 

It is straightforward to check that the map sending tti < 112 < ■ ■ ■ < t^i to (P, e) 
is the inverse map of r^. The 'moreover' statement is obvious from the construction 
ofr^. □ 

Lemma 23. Let 6, 61, 62, • ■ ■ , md Si, S2, . . . , s^+i be nonnegative integers satis- 
fying X^ILi ~ ^' ^7=1 * ' ^« = Siii Si = n and si = n — b. Then the number of 
multichains ni < ^2 < ■ ■ ■ < tti in NC^''(n) with rank jump vector (si, S2, . . . , S£+i) 

and type^'^-' (tti) = (6; &i, 62, ... , bn) such that Hj G NC^^n) for at least one j G [(] 
is equal to 

b \ (k{n - 1)\ fk{n - 1) 

^61,62, ... ,fori/ V S2 J \ Sl+i 

Proof. By Proposition I22i the number of such multichains is equal to 2 times the 
number of P {L, Ri, . . . , Re, f) G P^^",^) with typeC^^P) = (6; 61, 62, . . . , 5„) 
and (|Pi|, IP2I, ■ • • , |Pj?|) = (s2, S3, • • ■ , Thus we are done by Lemma [501 

Note that by the condition J27=i * ' — if type('^^(P) = (&; 61, 62, . . . , b„), then 
P G P^^ (n, i) is equivalent to P G P^''^^ (nj). □ 

Now we can prove Theorem [3] 

Proof of Theorem O Let vri < 7r2 < • • • < be a multichain satisfying the con- 
ditions with TTj ^ NC^in) for aU j G [f]. Let tt^- be the element in NC^^(n - 1) 
obtained form TTj by removing all the integers in the inner circle. Then tt^ < 

< • • • < TT^ is a multichain in NC^''(n — 1). Let i be the index of this chain, 
i.e. the smallest integer such that tt^ has a zero block. Then i = 1 if and only if 
bi + 262 + • • • + nbn < n — 2. The rank jump vector is (si, . . . , — 1, . . . , s^+i) and 
the type is (6; &i, . . . , 6„) if i = 1; and (6 — 1; 61 — 1, ... , 6„) if i > 1. By Lemma [T51 
the number of such multichains is equal to 

b \/fc(n-l)\ /fc(n-l) 

61,62, ... ,6„y V S2 y v sf+i 
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if i = 1, and 

Si -If 6-1 l'k{n-l)\ - 1)\ 

6-1 V6i - 1,62, • ■ • V S2 / V Si - 1 / V Si+i y' 

if i > 2. 

Now let us count the number of multichains tti < 112 < ■ ■ • < tt^ with tt^ G 

NC^) (n) for at least one j e . We have such a multichain only if 61 + 262 + • • • + 
nb„ — n. Using the formula in Lemma [221 we finish the proof. □ 

References 

[1] Drew Armstrong, Generalized noncrossing partitions and combinatorics of Coxeter groups, 

Mem. Amer. Math. Soc. 2002 (2009), no. 949. 
[2] Christos A. Athanasiadis, On noncrossing and nonnesting partitions for classical reflection 

groups, Electron. J. Combin. 5 (1998), R42. 
[3] Christos A. Athanasiadis and Victor Reiner, Noncrossing partitions for the group Dn, SIAM 

J. Discrete Math. 18 (2005), no. 2, 397-417. 
[4] David Bessis, The dual braid monoid, Annales sciontifiques de I'Ecole normale superieuro 36 

(2003), 647-683. 

[5] T. Brady and C. Watt, Non-crossing partition lattices in finite reflection groups. Trans. 

Amer. Math. Soc. 360 (2008), 1983-2005. 
[6] Paul H. Edelman, Chain enumeration and non-crossing partitions. Discrete Math. 31 (1980), 

171-180. 

[7] Jang Soo Kim, New interpretations for noncrossing partitions of classical types, 

http : //arxiv . org/abs/0910 . 2036 
[8] C. Krattenthaler and T.W. Miiller, Decomposition numbers for finite Coxeter groups and 

generalised non-crossing partitions, http://arxiv.org/abs/0704.0199 
[9] Christian Krattenthaler, Non-crossing partitions on an annulus, in preparation. 
[10] G. Kreweras, Sur les partitions non croisees d'un cycle. Discrete Math. 1 (1972), 333-350. 
[11] V. Reiner, Non-crossing partitions for classical reflection groups. Discrete Math. 177 (1997), 
195-222. 

E- ma il address: [jskimSllaf a. jussleu .fr] 
URL: |http : //llaf a ■ jussleu ■ f r/~ j skim| 



